We compute the one-instanton effective action of N = 4 super Yang-Mills theory with gauge group Sp(2N ). The result can be written in a very compact and manifestly supersymmetric form involving an integral over the superspace of an irrational function of the N = 4 on-shell superfields. In the Coulomb branch, the instanton corrects both the MHV and next-to-next-MHV higher derivative terms D 4 F 2n+2 and F 2n+4 . We confirm at the non-perturbative level the non-renormalization theorems for MHV F 2n+2 terms that are expected to receive perturbative corrections only at n-loops. We compute also the one and two-loop corrections to the D 4 F 4 term and show that its completion under SL(2, Z) duality is consistent with the one-instanton results of U (2) gauge group.
Introduction
Instanton effects play an intriguing role in Yang-Mills theory. Starting from the seminal work by Belavin, Polyakov, Schwartz and Tyupkin [1] and by 't Hooft [2] , the understanding of instanton effects has deepened and deepened, especially in supersymmetric theories 1 . In particular in N = 1 supersymmetric theories, instantons are known to generate non-perturbative super-potentials, thus violating perturbative non-renormalization theorems and triggering a host of interesting effects, including dynamical supersymmetry breaking. In N = 2 theories, they correct the analytic pre-potential that can be computed 'exactly' using localisation techniques. In N = 4 supersymmetric Yang-Mills theories (SYM) as well as in other exactly super-conformal theories, the situation is trickier. Essentially nothing was known before Maldacena's conjecture [4] . With the advent of AdS/CFT, the correspondence between Yang-Mills instantons and D-instantons has been established supporting the validity of the holographic conjecture beyond the perturbative regime [5] . Instantons correct correlation functions of scaling operators, in particular of chiral primary operators (CPO's). As a consequence, they contribute to the anomalous dimensions of certain double-and multi-trace operators [6] . No instanton corrections to the cusp anomalous dimension are expected, neither to Konishi-like operators [7, 8] . As shown in [9] , instanton corrections to correlation functions of CPO's in N = 4 SYM vanish in the pairwise light-like limit, which hints to the absence of such corrections to light-like Wilson loops if the so-called correlation/Wilson loop duality [10] [11] [12] [13] [14] still holds at the non-perturbative level. Moreover, just on dimensional grounds, higher-derivative terms cannot get corrected by instantons in the super-conformal phase since there is no dimensionful constant in this phase to build such terms.
It is thus mandatory to ask whether instantons correct the effective action of N = 4 SYM and scattering amplitudes/ higher derivative terms in the non-conformal phases of the theory. In this paper we show that the answer to both questions is positive. We will study corrections to the effective action of N = 4 SYM and to higher derivative terms in the Coulomb branch of the theory. There has been recent attention on the study of N = 4 SYM theory in the Coulomb branch. The motivations for this study are two-fold. On the one hand, turning on a vacuum expectation value (vev) for the scalar fields in N = 4 SYM theory provides an IR regularisation compatible with Poincarè supersymmetry and preserving the dual-conformal symmetry of the theory in the the planar limit [15] . On the other hand, the theory on the Coulomb branch can be studied in its probe approximation via AdS/CFT tools. This observation motivated the recent proposal by Schwarz [16] so-called "Highly Effective Action" (HEA) of N = 4 SYM with gauge group U (2) 2 .
The HEA was derived from the Dirac-Born Infeld action of a single brane viewed as a probe of the AdS 5 × S 5 near horizon geometry generated by a second one. The resulting action was shown to be invariant under SL(2, Z) strong-weak coupling duality of the N = 4 SYM. Still, this formulation of the HEA cannot be complete. It was already pointed out in [20] that one-loop results of general non-MHV operators F n + F m − with m, n both equal or larger than four are different from those predicted by the HEA 3 . Moreover the HEA does neither include terms involving derivatives of F (and their SUSY related terms), nor instanton corrections. The fact that the DBI probe action on AdS 5 × S 5 background does not capture the contributions of instantons is not surprising since instantons correspond to the inclusion of D(-1)-branes that certainly back-react on the AdS geometry.
In this paper we derive the effective action of the N = 4 theory with gauge group Sp(2N ) at the one-instanton level. The choice of the gauge group is motivated by the fact that the single instanton for an Sp(2N ) gauge theory is described by a moduli space with O(1) group structure and no ADHM constraints. We derive a manifestly supersymmetric effective action generated by a single instanton in the background of on-shell N = 4 superfields. The effective action codify one-instanton corrections to a large class of higher-dimensional terms in the Coulomb branch of the theory. The emerging effective action bears some resemblance with the one found by Green and Gutperle in [21] , when considering higher derivative D-instanton corrections to the N = 4 DBI theory for a single D3-brane. In our case the role of α is played by the vev of the scalar fields.
It is interesting to ask how our results are compatible with the expected SL(2, Z)-invariance of the quantum theory. This symmetry, combined with explicit perturbative results, completely fixes the form of similar higher-derivative terms in the U (1) theory [21] to be given by modular forms of specific weights that sum up a full tower of instanton corrections. In the present case the situation is more involved. Unlike the cases in [21] , the higher derivative terms under consideration receive corrections at different loop orders and their SL(2, Z) completion is less obvious. For the simplest MHV coupling D invariant function includes one-instanton contributions compatible with those we find as well as an infinite tower of instanton corrections. Still, to determine the exact form of the coupling an explicit evaluation of its higher-loop corrections is needed.
As a byproduct of our analysis, we show that the MHV terms F 2 − F 2n + do not receive one-instanton corrections, which confirms that the non-renormalization theorems proven in [22] do hold at the non-perturbative level. Due to tight constraints from N = 4 supersymmetry, these terms are special since they receive perturbative corrections only at n-loops, and the coefficients of these terms match precisely with those coming from the HEA [22] .
The plan of the paper is as follows. In section 2, we will briefly review the N = 4 on-shell super fields. In Section 3, we exploit the unoriented open string construction to derive the exact one-instanton generated effective action of N = 4 theory with gauge group Sp(2N ) or U (2). In Section 4, expanding the action in the Coulomb branch, we study MHV and non-MHV higher derivative terms in the supersymmetric class of D 4 F 4 and F 2n respectively. In Section 5, we compute perturbation contributions to the coupling D 4 F 4 (more generally D n F 4 ) at one and two loops. In Section 6, we write the SL(2, Z) completion of the one and two-loop results for D 2 The N = 4 superfields
In this section we review the on-shell superfield formulation of N = 4 SYM theory. The field content of N = 4 theory includes a vector A αα , four gaugini (ψ A α ,ψα A ) and six scalar fields ϕ AB . Indices α,α = 1, 2 label the two chiral spinor representations of the Lorentz group SO(4) ∼ SU (2) L × SU (2) R while A = 1, . . . , 4 runs over the spinor representations of the R-symmetry group SO(6) ∼ SU (4). The 4 × 4 matrix ϕ AB is antisymmetric and satisfies the reality condition
leaving six real degrees of freedom. All fields transform in the adjoint of the gauge group and fill a single (ultra-short) multiplet of the N = 4 supersymmetry algebra.
It is convenient to package the elementary fields into superfields. It is well known that no off-shell super field description of N = 4 SYM is available that manifestly preserves full N = 4 supersymmetry with a finite number of auxiliary fields. For our purposes, i.e. for computing corrections to the on-shell effective action, the on-shell N = 4 superspace is suitable.
The basic superfield is defined by [21] F mn the antiself-and self-dual components of the field strength respectively. Other superfields can be constructed acting with super-derivatives on W AB 2) and so on. Alternatively one can use the twistor coordinates (λ α ,λα, η A ) of the supersymmetry algebra SU (2, 2|4) and write the on-shell superfield components as (in momentum space)
so that the on-shell superfields read
Henceforth we use the standard spinor-helicity notation for momentum, and Lorentz invariants
4 See for instance [23] for a recent review on the spinor-helicity formalism and related topics.
Finally we recall that the classical action of the N = 4 theory is invariant under S-duality transformations S :
) acting on the field theory variables as
Together with τ → τ + 1, this generates an SL(2, Z) group that is expected to be an exact symmetry of the full quantum theory. On the twistor coordinates S-duality acts according to system which we will remark shortly. First, one has an explicit prametrization of the instanton super-moduli space. Second, by computing string amplitudes on disks with mixed boundary conditions (both D3 and D(-1)), one can derive the exact couplings of the super-moduli to the physical on-shell fields. Moreover, including unoriented projections that combine world-sheet parity Ω with space-time involutions one can analyse orthogonal and symplectic groups. Last but not least, orbifold projections allow to break superymmetry to N = 2 or N = 1 as well as the gauge group and get interesting quiver (conformal or non-conformal) gauge theories.
The instanton action
Using the D(-1)-D3 system, instanton moduli are organised according to their transformation properties with respect to the symmetry group 
The indices i = 1, . . . , k, u = 1, . . . N , α,α = 1, 2 and A = 1, . . . , 4 run over the fundamental representations of the various symmetry groups. Upper and lower indices refer to the fundamental and anti-fundamental representations respectively for groups different from SU (2) whose indices are raised and lowered with the ε-tensor. The fields in (3.1) have been conveniently grouped into vector V and hypermultiplet H representations of N = (1, 0) supersymmetry in six dimensions. The instanton action is given by the dimensional reduction of the six-dimensional U (k) gauge theory minimally coupled to the hypermultiplets [24] . We notice that the center of mass (a, Θ) of the adjoint hypermultiplet always decouples from the rest of the theory. They represent the super-coordinates of the instanton. In the absence of a background for D3-D3 fields the instanton partition trivially vanishes since the action is independent of Θ. To find a nontrivial result we consider instead the instanton partition function in the background of the N = 4 superfields D3D3 :
the basic N = 4 superfields (3.3) evaluated at the instanton super-coordinates. We notice that D3-D3 superfields in (3.2) fill the components of a U (N ) vector multiplet of the N = (1, 0) supersymmetry in six dimensions, so the instanton action now follows from a reduction of a U (k) × U (N ) gauge theory. The instanton action can then be read from formulae (10.70bc) in [24] after the replacement χ → g(χ + Φ),Θ → g(Θ + Λ) and
The shifts account for the extra couplings to N = 4 superfields while the extra powers of g are introduced here to match the field theory conventions we will later use in the computation of loop corrections to higher derivative terms 5 . For k = 1 one finds
We notice that the k = 1 instanton action (3.4) is bilinear in the D(-1)-D3 fields since only these couple non-trivially to the U (1) theory. Alternatively, the action (3.4) can be derived by computing string amplitudes on disks with mixed boundary conditions [25, 26] . The cubic moduli interactions are given by V χ VμV µ , V D VwV w and VΘV µ Vμ with the vertex operators given by
In these conventions the Yang-Mills lagrangian reads L = − 
where C, S denote various spin fields of opposite chirality and Σ is a twist-field in the four Neumann-Dirichlet directions. Complex conjugate fields are given by the same vertex operators with opposite orientation of their Chan-Paton matrices. The same three-point functions determine the couplings to the lowest components of the D3-D3 superfields, with the same string vertices V χ , V D and VΘ but now inserted on the D3-boundary. Finally, quartic interactions Φ 2 ww can be derived from the three-point function V X V χ V w , with V X = Xα AB ψ AB CαΣ an auxiliary field with standard kinetic term XX. Solving for X, the quartic interaction is reproduced. We remark also that the vertices V D and V X are not BRST invariant as expected for auxiliary fields. The D field implements the 3 ADHM constraints for the case of one instanton.
The effective action generated by the D-instanton is defined by the integral over the instanton moduli space [24] 
where we made explicit the dependence on π and g of the instanton measure and denote by c the remaining numeric factor. The integration over Lagrangian multipliers D andΘ leads to standard ADHM constraints. More precisely we wrote the Yang-Mills integral as
with n F = 8N + 8, n B = 4N + 4 the numbers of bosonic and fermionic moduli. The contribution (g/π) n F −n B comes from the Jacobian that relates the Yang-Mills field differential to the moduli space volume form (see for example [27] ) and the extra (2π)
from the measure of the bosonic moduli [3] .
One-instanton in the Sp(2N ) gauge theory
It is well known that in addition to D3-branes, preserving half of the super symmetries of the Type II theories, one can include 1/2 BPS orientifold planes Ω3. The resulting theory is a close relative to Type I theory. Open strings are unoriented and the resulting gauge groups include orthogonal or symplectic factors as well as symmetric or anti-symmetric irreps of unitary gauge groups 6 .
The un-oriented projections produce 'complementary' gauge groups on the D(-1)'s, orthogonal O(k) symmetry groups for Sp(2N ) gauge theories and symplectic Sp(K) groups (K even) for SO(N ) theories. For a single D-instanton, the Sp(2N ) case is simpler since the instanton symmetry is O(1), so no ADHM constraint survives the unoriented projection. In this section we compute the effective action induced by the a single D-instanton on the Sp(2N ) gauge theory.
6 For D3-branes, there exist 4 different Ω3-planes depending on the quantised values of B 2 and its R-R dual C 2 . In addition to the standard Ω3 − with B 2 = C 2 = 0 producing SO(2N ) there exist Ω3 + with
− with B 2 = 0, C 2 = 1 2 producing SO(2N + 1) and finallyΩ3
producing Sp(2N ) (with a different dyonic spectrum wrt to Ω3 + ) [28] [29] [30] [31] [32] .
The instanton moduli space for the Sp(2N ) gauge theory can be found by projecting (3.1) onto Ω-invariant states. Besides the flip of the orientation of the strings, the Ω3-projection acts by a Z 2 ∈ SU (2) α reflection, so fields with an index α are projected onto symmetric (singlet) and without an index α into anti-symmetric (empty) representations of the O(1) instanton group. As a result the fields (a αα , Θ A α ) are projected onto the singlet, while (Θα A , χ AB , Dαβ) are projected out. The action of Ω on the other ADHM data identifies D3-D(-1) strings with D(-1)-D3 strings, viz.
The position of the indices u is irrelevant since they can be raised and lowered by a symplectic 'metric' tensor. The one-instanton effective action becomes
where we made use of (3.7) with n F = 4N +8, n B = 2N +4. The instanton action reduces to
The integral over µ A u leads to the Pfaffian det(Φ) Au,Bv , and produces the new term
wΛΦ −1Λ w in the action. The integral over w's is gaussian and contributes a square root determinant in the denominator. The result reads
We cannot refrain from immediately noticing that the integrand is dimensionless as expected for an exactly conformal field theory. This remarkable simple formula describes all MHV and non-MHV terms generated at one-instanton level in the N = 4 effective action involving fields contained in the N = 4 on-shell superfields
Note that the Θ-expansions stops at second, third and fourth orders respectively because of the field equations. The same strategy can be applied to the study of higher derivative terms in the N = 4 effective action. To this aim one should first compute the higher derivative couplings of D3-D3 fields to the D-instanton. Disk amplitudes computing higher derivative couplings of closed string fields to the D-instanton action have been recently computed in [33] in the context of holography.
One-instanton in the U (2) gauge theory
In the case of SU (2) gauge theory we have three closely related choices: SU (2), Sp(2) and SO(3). The three algebras coincide and also the theories at the perturbative level but the spectrum of dyoinc states is different. The SU (2) case is realised in terms of oriented strings while Sp(2) and SO(3) requires an Ω-projection. It is instructive to rederive the one-instanton effective action for SU (2) using the ADHM description of unitary (rather than symplectic) gauge groups. The main difference with the Sp(2) case is that now the fields (χ, D,Θ) are part of the moduli space and the integration over D andΘ produce the super ADHM constraintswα
The two equations can be solved by taking
or equivalently w uα =w uα , µ 
with vol U (1) = 2π/g. Thus after preforming the above integration, the U (2) oneinstanton effective action precisely leads to (3.9) with N = 2.
Instanton corrections on the Coulomb branch
In this section we consider the N = 4 effective action in the Coulomb branch. The Coulomb branch is defined by taking
with v AB a constant matrix belonging to the Cartan subalgebra of the gauge group. We notice that both the classical and the one-instanton effective action (3.11) vanish, so it defines a vacuum. For simplicity we focus on the U (2) case and take for the vev
The massless degrees of freedom in this branch are described by N = 4 on-shell superfields Φ,Λ and F proportional to σ 3 . In the following we restrict ourselves to the effective action for these massless degrees of freedom. Writing Φ Au,Bv = Φ AB (σ 3 ) uv and using the algebraic identity
one finds that the effective action (3.11) reduces to a much simpler form
with
The effective lagrangian can be found by expanding (3.11) in Θ to the order Θ 8 with superfields given by (schematically)
Alternatively one can use the twistor variables and write
Anti-instantons produce a similar effective action with holomorphic components replaced by anti-holomorphic ones, namely F + ↔ F − , ψ ↔ψ and τ ↔τ . With the supersymmetric effective action at hand, one can expand it to the order Θ 8 to obtain one-instanton corrections to the higher derivative terms of interest. In this section, we will focus on the one-instanton effects on F n and D 4 F n , and other higher-dimensional operators can be obtained similarly.
Higher derivative F n terms
Here we consider higher derivative terms involving only F ± gauge fields, namely F n terms. The effective action can be read off from (4.4) with the N = 4 superfields taken to bē 8) with the fluctuation δΦ AB given by
The effective action reduces to
where f 8 (δΦ, v) comes from expansion of the denominator
we find that actually the three terms inside the brackets in (4.11) exactly cancel against each other upon Θ-integration! The same conclusions can be reached by considering one anti-instanton corrections to the coupling (F − ) 2n (F + ) 4 . We thus conclude that MHV and MHV operators involving only F fields (and no their derivatives) do not receive one-instanton corrections. This is consistent with the known fact that these operators receive only perturbative corrections at n loops due to the tight constraints from N = 4 supersymmetry [22] . Our results confirm that this non-renormalization theorem continue to hold at the non-perturbative level! On the other hand for n ≥ 2 such terms as (F + ) 2n (F − ) 4 are expected to receive perturbative corrections already at one loop order and here we show that they also get non-trivial corrections from instantons.
D
In this section we study one-instanton corrections to MHV higher derivative terms: D 4 F n . It is easy to check that only the terms built entirely with the superfields F's in the effective lagrangian (4.4) saturate the MHV bound 
with v 2 = v AB v AB and
Performing the integral over Θ we find the corresponding (super) S-matrix, 16) it is easy to see that the above result has all the correct properties of the (super) S-matrix corresponding to the MHV coupling (
. Different field components arise from the different powers of η A i in the expansion of (4.16) or equivalently from the different ways of absorbing the eight Θ zero modes using the various field components in the right hand side of (4.15). For example taking from the product only terms containing η It is known that four-point amplitudes of N = 4 SYM at any loop can be expressed in terms of the tree-level amplitudes multiplied by some loop integrals that form basis [34] [35] [36] [37] [38] . The basis of one and two-loop integrals for the amplitudes in the Coulomb branch, can be obtained from the massless integrals of N = 4 SYM at the origin of moduli space by appropriately replacing original massless propagators with massive Wbosons and unbroken massless gluons [15] 7 . To be precise, here we are considering the Coulomb branch with the gauge symmetry breaking U (N + 1) → U (N ) × U (1). At one loop the integral basis comprises scalar box integrals, and the four-point amplitude is given by
1) where we sum over all independent permutations since we consider the Abelian theory. In the Coulomb branch the internal propagators of the box integrals are massive and the basic integral can be written as
2) with m = g v and k 23 = k 2 + k 3 . On the other hand the four-point tree-level amplitude is given by
and thus
Not surprisingly we see that the result is precisely the superamplitude generated from the SUSY completion of the coupling F Let us now evaluate the integrals in the large mass expansion. Such integrals, as well as higher-loop ones, for light-by-light scattering have been recently studied in details in [41] . For our purposes of large mass expansion, the Feynman-parameter representation of the integrals are actually very convenient. Using Feynman parametrization, we find that the one-loop integral can be expressed as
Here and in what follows we use the Mandelstan variables s = s 12 , t = s 23 and u = s 13 . The integration over α i 's may be further simplified by performing the change of variables,
with a Jacobian factor ||∂α/∂β|| = β 1 (1 − β 1 ). The new variables automatically solve the constraint 4 i=1 α i = 1, too, and lead to the integral
With the expression in terms of Feynman parameters at hand, one can simply expand the integrand in the large mass limit, which then leads to simple integrations over polynomials. In this way one can obtain D n F 2 − F 2 + for very high n quite easily. To leading order, namely for n = 0, it gives
(5.10)
Thus summing over the three permutations, we find the term F 
( 5.13) 8 Here we use the Feynman parametrisation of the integrand 5) and perform the integral with the help of is defined by 16) with U and V given by
The integration over α i 's can be further simplified using the change of variables [43] 
with a Jacobian factor of β 2 β 4 β
Furthermore, one can rely on the so-called Cheng-Wu theorem [44] which allows one to replace the delta function by δ(
with the sum now running over an arbitrary subset M of {1, 2, . . . , 7} without changing the result. After the replacement the integration regions of the variables in the subset M can be reduced to [0, 1] due to the delta-function constraint. The most convenient choice in our case is M = {1, 2, 3, 5, 6, 7} and the Feynman parametrisation of the integral can be written as
After expanding in the large mass limit, the best way of performing the integral is to carry out the α 4 integration first. One then is left with a polynomial in β i 's, whose integral can be evaluated efficiently.
As observed earlier, the first non-trivial case is the coupling D (1, 2, 3, 4)+I
Namely, the two-loop contribution to the coefficient of the operator
One-and two-loop contributions to
The formulae in the last section can be easily expanded to higher orders in the limit of large mass to extract higher derivative terms
It is known that from mass dimension 0 to 10 there is only one independent kinematic structure for each order, namely n 0 s n + t n + u n , while starting from dimension 12 there will be more than one independent kinematic structures (except at dimension 14 where there is again only one structure, s 7 + t 7 + u 7 ) [45, 46] . In table 1 we display the results we find for n ≤ 10 by explicit evaluation of the integrals at one and two loops. On the other hand at n = 12 we find for the two different structures are given by one − loop :
We have further checked that upto n = 20 that very non-trivial kinematics structures appear at both one and two loops, and as the case of n = 12 discussed above they are all different at different loop orders.
5.2
F n terms
The one-loop corrections
The one-loop contribution to F n terms has been computed in [20] . The result arises from the one-loop determinant of an open string in the background of a constant field F . The result is expressed in terms of skew-diagonalized F mn with the choice,
The one-loop determinant then reads [20] 
where on the second line we have written the final result in terms of Lorentz invariant quantities by using
We note for the MHV terms F + already appear at one loop, and expected to receive higher-loop as well as instanton corrections, which is indeed the case from our one-instanton results, in particular the results in section 4.1.
The HEA description
As already noticed and commented in [16] , only MHV F n terms are correctly reproduced by the DBI action describing the gauge theory on a single D3-brane in the AdS 5 × S 5 background ( the HEA in [16, 47] ). Indeed, expanding this action for gluon fluctuations one finds 27) where (5.26) have been used to write the determinant in terms of Lorentz invariants, 28) and v is the scalar vev. We note that the F and exchanges f i and its dual h i = −i∂L DBI /∂f i . For the DBI Lagrangian (5.27) one finds [16, 47] 
that is solved by identical formulae for f i in terms of h i with f i ↔ h i . This shows the symmetry between the f i and h i S-dual descriptions. The above duality transformation would be changed if the action were modified by adding corrections we discussed in the paper, however, by considering small f i expansion, f i → h i = −if i + . . . , reduces to the linear action (2.6). In the next section we will limit ourselves to the linear definition of Sduality, from which one can already ask whether SL(2, Z) completed results are consistent with the one-instanton effective action we obtained. 9 We work on the Euclidean signature and in the field theory basis (see above).
SL(2, Z) completion
The effective actions of N = 4 SYM and of the Type IIB D3-brane have been conjectured to enjoy an exact strong-weak coupling SL(2, Z) symmetry. The requirement of SL(2, Z)
symmetry provides very tight constraints on the possible form of higher dimensional terms in the effective action and on its dependence on the gauge coupling constant. This requirement allows often to determine the exact form of the coupling [48, 21, 49] starting from a few perturbative data. In [21] , string corrections to the D 4 F 4 couplings in the world volume of a single D3-brane were considered. This coupling is expected to receive perturbative corrections only at tree level and one loop. An SL(2, Z)-invariant formula was derived by starting from the tree-level and one-loop contributions (proportional to τ 2 and ln(τ 2 ), respectively) and summing up over all its SL(2, Z) images. This results into the modular invariant non-holomorphic function [21] 
where η(τ ) is the Dedekind function, and the "primed sum" indicates that the summation is regularised by subtracting a logarithmic divergent constant, which has no τ -dependence as can be checked by taking a derivative w.r.t. τ orτ and getting a convergent result. This modular function admits the weak coupling expansion in the large τ 2 limit [21]
showing an infinite tower of instanton corrections besides tree-level and one-loop contributions. Here d|k indicates that we sum over d's which are the divisors of k.
Here we consider the same D 4 F 4 coupling but in the non-abelian gauge theory (yet in the Coulomb branch). The role of α is now played by the vev v of the scalar field. There is however an important difference with respect to the U (1) open string theory in [21] . In the case of the non-abelian theory, there is no obvious reason while the coupling D 4 F 4 cannot get higher loop corrections. Indeed, the explicit computations in the last section shows that the higher derivative term is certainly corrected at one and two loops. Still one can proceed in the same way as before and look for the function in front of the higher derivative term as a sum of modular invariant functions accounting for the perturbative contributions (proportional to τ 
with s > 1, for the case s = 1, the above summation is divergent and Z 1 is defined previously in (6.1). This function is modular invariant by construction and it is easy to see that is an eigenvector of the Laplace operator
The weak coupling expansion of Z s is given by 
for the U (2) gauge group, one should take N = 1 here. We remark that the sums over m, n in Z 2 and Z 1 account for the contribution of the infinite tower of dyons (the SL(2, Z) images of the massive gluon) with mass M = |m − nτ |v running in the loops.
However, it is quite remarkable that the instanton contributions coming from the two series are both proportional to g 0 π −6 and only differ by a numerical (rational) coefficient. This g 0 π −6 factor precisely matches our one-instanton result in (4.16) with n = 2! This agreement with right powers both of the coupling constant g and π is rather non-trivial since from (3.11) we see that the g-dependence can be very different for different terms in the expansion. Thus this agreement may be taken as a hint to the validity of the SL(2, Z) completion. On the hand, besides one-and two-loop perturbative as well as instanton nonperturbative results, Z 1 and Z 2 also contains two peculiar contributions: ln(τ 2 ) and 1/τ 2 . Like the more familiar instanton contributions they arise as the result of the sum over the infinite tower of dyonic SL(2, Z) images of the gluon. The field theory interpretation of these two terms is far from obvious. Since 1/τ 2 ∼ g 2 ∼ g 10 /m 8 , by counting the power on the coupling constant g, one would expect this contribution appear also at four loops. Still the transcendental ζ 3 coefficient weighting this term induces us to be cautious. The interpretation of the 
so the instanton part is proportional to g 0 π −6 in agreement again with the one-instanton result. Similarly the one-loop result of F We notice that now the leading instanton part in (6.13) is proportional to g −2 π −6 in agreement with the one-instanton result. Higher F n terms can be analysed in a similar way. We find that the SL(2, Z) completion of the one-loop results are always consistent with the one-instanton effective action.
Summarizing we find that SL(2, Z)-duality can be used to complete results from perturbation theory and predicts a very precise form for multi-instanton contributions. Waiting for a better knowledge of the multi-loop perturbative results of higher-dimensional terms, and a systematic study of higher derivative corrections to the duality map we check that one-instanton results are compatible with the predictions of SL(2, Z) invariance. It is challenging, and would be of great interest to test these predictions at a multi-instanton level against microscopic instanton computations based on localisation techniques that have proven to be extremely powerful in N = 2 multi-instanton calculus [50] [51] [52] [53] [54] .
Conclusions and outlook
In this paper, we initiated a systematic study on the instanton corrections to the effective action of N = 4 SYM. We derived the one-instanton effective action with manifest N = 4 on-shell supersymmetry. The action is obtained by studying the system of D(-1)-D3 branes, where D(-1)-branes play the role of instantons. Expanding the supersymmetric effective action in components, we obtained explicit one-instanton corrections to higher derivative terms of interest. In particular, we studied in details higher-dimensional terms such as F n and D 4 F n . We confirmed that non-trivially, i. e. thanks to remarkable cancellations, the known non-renormalization theorems for the so-called MHV operators The SL(2, Z) completed result also leads to some non-trivial predictions for the coupling
In particular it determines a precise form of multi-instanton contributions. It would be of great interest to verify (or disprove) the SL(2, Z) prediction by explicit multiinstanton computations, which we will leave as a future research direction. Indeed the localisation techniques in supersymmetric gauge theories have been extremely powerful and fruitful, and may be utilized for the particular problems of our interest.
Higher-loop perturbation results on D 4 F 4 (as well as other operators) would be another very important data for fully determining its coefficient. Recently there has been tremendous progress in computing and understanding scattering amplitudes in N = 4 SYM. However, most of the advance and interest has been focusing on amplitudes at the origin of the moduli space. Here we are interested in the amplitudes on the Coulomb branch, and more precisely their large mass expansion. Although there has been some interesting investigation on the scattering amplitudes on the Coulomb branch of N = 4 SYM, for instance [15, 55] , most of the focus has been on the small mass limit, which is opposite to the limit we considered here. Exploring this relatively new zone of N = 4 SYM may eventually uncover other surprising and beautiful features of the theory. A nice example of such possibility is the previously mentioned non-renormalization theorem on the MHV terms F 
